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Notations

pressure
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For free quark-gluon gas (Stefan-Boltzmann limit):
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This is valid for very high T

For low T — Hadron resonance gas (HRG) model

% =G(T) + F(T) cosh(g%)




Imaginary u,
At imaginary chemical potential .= iug; the

sign problem is absent and standard Monte

Carlo algorithms can be applied to simulate
Lattice QCD. Can we use this?

Study of QCD at nonzero ., can provide us with
information about physical range of i,
- extrapolation to g =0 or analytical

continuation to nonzero real u,



The QCD partition function Z is a periodic
function of 6 = g /T:

Z(0)= Z(0 + 2nk/3)
There are 1st order phase transitions at 8 =
(2k + 1)%
This symmetry is called Roberge-Weiss

symmetry



Temperature

QCD phase diagram at imaginary p
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Simulation settings

We simulate lattice QCD with two flavors of clover improved
Wilson fermions and Iwasaki improved gauge field action at
Imaginary baryon chemical potential.
Two values of the quark mass: m,/m, = 0.8, 0.65
Lattice size: 163x 4
Lattice spacing: a ~ 0.2 fm
Lattice size: L~32fm
Temperature values
my/m, =0.8 My /m, = 0.65
T >T,. (1.035, 1.08, 1.20, 1.35); (1.07, 1.18, 1.32)
T < T, (0.84,0.93, 0.99), (0.86, 0.94, 1.00)



Canonical approach

The canonical approach is based on the following relations.

Relation between grand canonical partition function Zge(p, T, V) and
the canonical one Zs(n, T. V)

Zo(u. T.V)='3 Zg(n, T, V)en (3)

N==—ox

where ¢ = e*/T is called fugacity and this equation - fugacity
expansion.
The inverse of this equation : Hasenfratz, Toussaint, 1992

2w '
Zc(n, T,V)= . %e"""z@c(i(), T, V). (4)

Zsc(16, T, V) - the grand canonical partition function for imaginary
chemical potential 1/ T = i, /T =16 .
Standard Monte Carlo simulations are possible



Amax

ngr(0)/T? = Z g 167"

n=1

nH!HI

ng(®)/T> = ) fansin(3n)
n=1



These or similar fits were used before
- Thermodynamics of two flavor QCD from imaginary chemical potentials
M. D'Elia, F. Sanfilippo, Phys.Rev. D80 (2009) 014502

- Quark number densities at imaginary chemical potential in N_f=2 lattice
QCD with Wilson fermions and its model analyses

J. Takahashi, H. Kouno, M. Yahiro Phys.Rev. D91 (2015) no.1, 014501

- The QCD equation of state at finite density from analytical continuation

J. Gunther, R. Bellwied, S. Borsanyi , Z. Fodor, S.D. Katz, A. Pasztor, C.
Ratti. EPJ Web Conf. 137 (2017) 07008

- Higher order quark number fluctuations via imaginary chemical potentials in
Nf=2+1 QCD.

M. D'Elia, G. Gagliardi, F. Sanfilippo Phys.Rev. D95 (2017) no.9, 094503
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Taylor expansion:




0.8 ——

0.6

0.4

0.2

B Xz ——

_3X4 —A—— 7

K6 T ]

|- A -
0.7 0.8 0.9 1 1.1 1.2 1.3 1.4

T/,

1.5



B

B
Xa X2

12 —

0.8 |
06 |
0.4 |

0.2 |

this work —e— |

2+1 QCD [14] —=—




B, B
X6 X2

0.5 |

1.5 |

this work —e— 5

2+1 QCD [14] —=— |

1.1 1.2

T/T



- Results for two quark masses do not differ
substantially

- We found unexpectedly good agreement
for ratios y2/ x5 and x2/ x5 with results

obtained in 2+1 QCD with physical quark
masses



1d QCD

1d QCD is solvable at finite u
Bilic, Demeterfi, 1988

For any T=1/aN and varying u there is a
crossover to a baryon reach phase which turns
Into 1st order phase transition at T=0.



GCPF Z(u,T) = 2 cosh (%) A
— Z Zn(T) gn’

A = sinh(4m'/T) / sinh(m'/T), 4 <A<
m' = sinh™1(m)

ZOZA, Z]_ZZ_]_:A

Density n(u,T) = = sinh(%)



Radius of Im(eu/T)

convergence
of fugacity ;eros of Z
expansion in the complex
for positive fugacity plane
mu

Radius of
convergence
of fugacity
expansion
for negative

mu

1
Z =0at 8“/T=§(Ai\/z42—4)= V1.2



Radius of convergence
taylor expansion

zeros of Z
in the comple;
muB plane

p = £T(loglyi|) +i(2k + 1)T'w



Virial expansion for density

n® = Y!__a,sinh(k %)

a;, are computed at imaginary u as Fourier
coefficients of exact n(u).



1 - n(i)/n
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=exp(/T) 1
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Virial expansion converges to exact solution
within interval

1/ly1] < € < |yq]

determined by analyticity
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. essons;

- The radius of converegence can be
computed from the ratio of the virial
coefficients

- The virial expansion provides good
approximations for density and GCPF within
radius of convergence. How to move beyond
this region?

- In this model the GCPF can be reconstructed
beyond radius of convergence via
computation of CPF. Is it general?



Cluster Expansion Model for QCD Baryon Number Fluctuations:
No Phase Transition at up/T <7

3

12 Jan Steinheimer,> Owe Philipsen,! and Horst Stoecker! 2

Volodymyr Vovchenko,
Ynstitut fiir Theoretische Physik, Goethe Universitit,
Mazx-von-Laue-Str. 1, D-60438 Frankfurt am Main, Germany
2 Frankfurt Institute for Advanced Studies, Giersch Science Center,
Ruth-Moufang-Str. 1, D-60438 Frankfurt am Main, Germany
GSI Helmholtzzentrum fiir Schwerionenforschung GmbH, Planckstr. 1, D-64291 Darmstadt, German;

Cluster Expansion Model (CEM), representing a relativistic extension of Mayer’s cluster expan-
sion, is constructed to study baryon number fluctuations in QCD. The temperature dependent first
two coefficients, corresponding to the partial pressures in the baryon number B = 1 and B = 2
sectors, are the only model input, which we fix by recent lattice data at imaginary baryochemical
potential. All other coefficients are constructed in terms of the first two and required to match the
Stefan-Boltzmann limit at 7" — oo. The CEM allows calculations of the baryon number suscep-
tibilities £ to arbitrary order. We obtain excellent agreement with available lattice data for the
baryon fluctuation measures x5, y¥, x& and predict higher order susceptibilities, that are not yet
available from Lattice QCD. The calculated susceptibilities are then used to extract the radius of
convergence of the Taylor expansion of the pressure. The commonly used ratio test fails due to
the non-trivial asymptotic behavior of the Taylor coefficients. At the same time, a more elaborate
estimator provides finite convergence radii at all temperatures and in agreement with the singular-
ities of Padé approximants. The associated singularities lie in the complex pp/T-plane and appear
smoothly connected to the Roberge-Weiss transition at high temperatures and imaginary chemical
potential. No evidence for a phase transition at pp/T < 7 is found.
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For high temperature (SB) limit:

(=) 4[3 + 4 (wk)?]

bSB —
§ k 27 (7k)?



CEM assumptions:

e The first coefficient b1(7) — the QCD partial
pressure in the |B| = 1 sector — is taken as in-
put. It is interpreted as a temperature depen-
dent density of “free” excitations with B = &41.

e The second coefficient, bo(71"), is also taken as
input. In the spirit of a cluster expansion it

parametrizes the baryon-baryon interactions. In
the HRG-EV model bs is rewritten as

b2(T) = —b(T) T" [b1(T)]*, (3)

where b(7T') is a temperature dependent “cou-
pling” parameter.



e Mayer’s cluster expansion assumes two-particle
interactions only, expected to be a good approx-
imation at sufficiently low density or high tem-
perature. The higher-order coefficients b (1)
can then be expressed in terms of the first two
using the HRG-EV-type expression [10]: they
are proportional to the k-th power of the "free”
density b1(7") and to the (kK — 1)-th power of the
“coupling” parameter b(1"), i.e.

b0 (T) = o [-0(T) T2 [y (7))
_ ()]
G o

where oy are temperature independent parame-
ters.



e The model is constrained by the SB limit (2)
of massless quarks and gluons at high tempera-
tures, i.e. bp(T) — b3® as T — oo. Assuming
b1(T) — b5® and by(T) — B3P, this condition
yields the coefficients a;.:

'b?B'kJ—Q
o = :bSB:k_l bi" . (5)
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tlal. The analysis with

n CEM shows no evidence

for the existence of a p

point at real values of the baryochemical potential

1ase transition or a crit

ug/T < for temperatures above 135 MeV.
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Fourier coefficients of the net-baryon number density and chiral criticality

Gabor Andrés Almasi,' Bengt Friman,” Kenji Morita,** Pok Man Lo,” and Krzysztof Redlich®”
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*Institute of Theoretical Physics, University of Wroctaw, PL-50204, Wroctaw, Poland
*iTHES Research Group, RIKEN, Saitama 351-0198, Japan
Research Division and EMML, GSI Helmholtzzentrum fiir Schwerionenforschung,
04291 Darmstadt, Germany
(Dated: May 14, 2018)

We investigate the Fourier coefficients by(T) of the net-baryon number density in strongly inter-
acting matter at nonzero temperature and density. The asymptotic behavior of the coefficients a
large k is determined by the singularities of the partition function in the complex chemical potential
plane. Within a QCD-like effective chiral model. we show that the chiral and deconfinement prop-
erties at nonzero baryon chemical potential are reflected in characteristic k- and T- dependences of
the Fourier coefficients. We also discuss the influence of the Roberge-Weiss transition on these co-
efficients. Our results indicate that the Fourier expansion approach can provide interesting insights



More generally, it is of interest to assess to which ex-
tent the modeling of Fourier coeflicients is unique, when
only the first two coefficients are provided as input. In
order to illustrate these points, we introduce an alterna-
tive model for by (T"), which we dub the Rational Fraction
Model (RFM)



, (1)
RFM () _ c( SB
b @) 1+k/k0(T)b"”

with

_51( )bSB
bg( )bSB

o) = e (1- k’ogT)) |
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Conclusions

CEM and RFM provide examples of
modeling of the virial coefficients

Lattice results are used as input and as
check
Would be good to find a model with CEP



